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Abstract

With growing emphasis on privacy regulations,machine unlearning
has become increasingly critical in real-world applications such as

social networks and recommender systems, many of which are nat-

urally represented as graphs. However, existing graph unlearning

methods often modify nodes or edges indiscriminately, overlooking

their impact on fairness. For instance, forgetting links between

users of different genders may inadvertently exacerbate group dis-

parities. To address this issue, we propose a novel framework that

jointly optimizes both the graph structure and the model to achieve

fair unlearning. Our method rewires the graph by removing redun-

dant edges that hinder forgetting while preserving fairness through

targeted edge augmentation. We further introduce a worst-case

evaluation mechanism to assess robustness under challenging sce-

narios. Experiments on real-world datasets show that our approach

achieves more effective and fair unlearning than existing baselines.

CCS Concepts

• Computing methodologies→ Learning paradigms; Learn-

ing settings;Neural networks; • Security and privacy→ Social

network security and privacy.
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1 Introduction

Recent breakthroughs in deep learning have significantly advanced

artificial intelligence (AI) systems across various domains. In par-

ticular, graph neural networks (GNNs) have emerged as a standard

approach for addressing graph-related tasks [32, 38], such as node

and edge classification – fundamental for applications in social

networks (e.g., friend recommendations) and biochemistry (e.g.,

drug discovery). However, the widespread adoption of GNNs raises

concerns about privacy leakage, as training data containing sen-

sitive relationships can be implicitly “memorized” within model

parameters. To mitigate the risk of misuse, recent regulatory poli-

cies have established the right to be forgotten [2], allowing users to

remove private data from online platforms. Consequently, a range

of graph unlearning methods have been developed to effectively

erase specific knowledge from trained GNNs without requiring full

retraining.

Although graph unlearning effectively removes edges/nodes,

its potential risks – particularly disparate impact – are often over-

looked. In link prediction, disparate impact refers to disparities in

links that stem from sensitive attributes such as gender or race,

which are protected under anti-discrimination laws. Recent stud-

ies suggest that changes in graph topology, characterized by ho-

mophily ratios (see Section 3), can exacerbate bias through feature

propagation. For instance, in social networks, removing links to

opposite-sex friends may lead to an increased likelihood of users

being recommended connections within the same gender group.

Thus, long-term accumulation could result in social segregation.

Recently, several algorithms have achieved strong performance

in graph unlearning. However, we observed a significant impact on

fairness, as edge removal requests alter the graph topology. To exam-

ine this effect in social networks, we evaluate two state-of-the-art

methods, GNNDelete [9] and GNNCon [36], on Facebook#1684 [20],

a social ego network from Facebook app, using gender as the sensi-

tive feature. As shown in Figure 1, both methods fail to maintain

dyadic fairness, measured by Δ𝐷𝑃 (see Section 3), when increasing

edge removal requests lead to a higher homophily ratio.

The underlying reason is that current algorithms focus solely

on designing loss functions to reduce the prediction probability

of forgotten edges, without accounting for the bias introduced by
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Figure 1: The impact of removing edges on the fairness of

graph unlearning algorithms is shown. The 𝑥-axis represents

the homophily ratio, defined as the proportion of a node’s

neighbors with identical sensitive features. And the 𝑦-axis

indicates Δ𝐷𝑃 , a measure of dyadic fairness.

edge removal. Moreover, they have also been criticized for under-
forgetting [9], where an algorithm fails to forget certain edges even

after sufficient epochs of unlearning. Consequently, we argue that

existing unlearning algorithms do not fully leverage the potential

of the graph structure and may not achieve optimal performance.

In this paper, we study a novel and detrimental phenomenon

where existing unlearning algorithms can alter the graph structure,

inadvertently introducing bias. To address this issue, we propose

FROG (Fair Removal on Graph), a framework designed to effectively

forget target knowledge while simultaneously mitigating disparate

impact. Our key contributions are as follows:

• Problem:We present the first investigation on how graph

unlearning impacts graph homophily and disrupts node em-

beddings through the aggregation mechanism in GNNs, po-

tentially exacerbating discrimination in downstream tasks.

• Algorithm:We propose a novel framework, for fair graph

unlearning, which integrates graph rewiring and model up-

dating. The graph is rewired by adding edges to mitigate

the bias introduced by the deletion request, while remov-

ing redundant edges that hinder unlearning. Furthermore,

the framework is adaptable to any graph-based unlearning

methods for model updates.

• Evaluation: In order to truly gauge the authenticity of

unlearning performance, we introduce the concept of the

“worst-case forget set” in graph unlearning. Experiments on

real-world datasets demonstrate that our method improves

unlearning effectiveness while mitigating discrimination.

2 Preliminaries

Graph Neural Networks. We consider an undirected attributed

graph G = (V, E,X) with nodes set V , edge set E and node fea-

tures X. Each node is also associated with a categorical sensitive

attribute 𝑠𝑖 ∈ 𝑆 (e.g., political preference, gender), which may or

may not be part of its features. The graph topology can be summa-

rized by the adjacency matrix A. Also, we introduce a predictive
Graph Neural Network (GNN) model 𝑔𝝎 : V ↦→ Y, with parame-

ters 𝝎, to predict the nodes’ labels as follows:

𝑌 = 𝑓 (Z), with Z = 𝑔𝝎 (X,A),

where Z represents the node embedding and 𝑌 ∈ Y is the predicted

label. The dot product between node embeddings z𝑇
𝑖
z𝑗 is used to

predict whether edge 𝑒𝑖 𝑗 exists. Also, we refer to 𝑔𝝎 as the “original

model” prior to unlearning.

Graph Unlearning. Graph unlearning involves selectively remov-

ing certain instances or knowledge from a trained model without

the need for full retraining. Given a graph G = (V, E,X) and a sub-
set of its elements G𝑓 = (V𝑓 , E𝑓 ,X𝑓 ) to be unlearned, we denote

the retained subgraph as G𝑟 = (V𝑟 , E𝑟 ,X𝑟 ), where G𝑟 = G \ G𝑓 ,

with the conditions G𝑓 ∪ G𝑟 = G and G𝑓 ∩ G𝑟 = ∅. Graph unlearn-

ing aims to obtain an unlearned model, denoted as 𝑔𝑢 , that behaves

as if it were trained solely on G𝑟 . Requests for graph unlearning can

be broadly categorized into two types: edge deletion, where a subset
E𝑓 ⊂ E is removed, and node deletion, where a subsetV𝑓 ⊂ V is

removed.

The goal is to derive a new model 𝑔𝑢 from the original model 𝑔𝝎
that no longer contains the information from G𝑓 , while preserving

its performance on G𝑟 . Since fully retraining the model on G𝑟 to

obtain an optimal model, denoted 𝑔𝝎∗ , is often time-consuming,

our objective is to approximate 𝑔𝝎∗ by updating 𝑔𝝎 using the un-

learning process based on G𝑓 as follows:

𝑔𝝎
G𝑓

−−−→ 𝑔𝑢 ≈ 𝑔𝝎∗ .

Fairness for Graph Data. In this work, we focus on group fairness

(also known as disparate impact), which emphasizes that algorithms

should not yield discriminatory outcomes for any specific demo-

graphic group [31].

For example, in the node classification task, group fairness aims

to mitigate the influence of sensitive attributes on individual predic-

tions. Assuming both the target outcome and 𝑆 are binary-valued,

a widely used criterion is Demographic Parity (DP) [27]: a classi-

fier satisfies DP if the likelihood of a positive outcome is the same

regardless of the value of the sensitive attribute 𝑆 :

𝑃 (𝑌 |𝑆 = 1) = 𝑃 (𝑌 |𝑆 = 0) .

In link prediction, we consider the disparity in link formation be-

tween intra- and inter-sensitive groups. Extending from Demo-
graphic Parity, we adopt Dyadic Fairness [20], which requires that

the predicted likelihood of a link is independent of whether the

connected nodes share the same sensitive attribute. A link predic-

tion algorithm satisfies Dyadic Fairness if its predictive scores meet

the following condition:

𝑃 (𝑔(𝑢, 𝑣) |𝑆 (𝑢) = 𝑆 (𝑣)) = 𝑃 (𝑔(𝑢, 𝑣) |𝑆 (𝑢) ≠ 𝑆 (𝑣)) .

Here, we assume the link prediction function 𝑔 is modeled as the

inner product of nodes’ embeddings.

3 Motivation

In this section, we present a series of theoretical analyses to elu-

cidate how graph unlearning can lead to unfairness. During the

unlearning process, the removal of edges may exacerbate the net-

work homophily, where nodes with similar sensitive features tend

to form closer connections than dissimilar ones, inevitably dis-

rupting information flow of graph neural network between nodes

within and across sensitive groups.
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Inspired by previous work [10, 31], we reveal how the node ho-

mophily ratio 𝜌 , which is defined as the proportion of a node’s

neighbors sharing the same sensitive features as the node, can

amplify the bias. For simplicity, we focus on a single-layer graph

neural network model. Without loss of generality, we assume that

node features from two sensitive groups in the network indepen-

dently and identically follow two different Gaussian distribution

X𝑆0 ∼ N(𝜇0, Σ0),X𝑆1 ∼ N(𝜇1, Σ1). We proved this theorem in the

Appendix.

Theorem 3.1. Given a 1-layer 𝑔𝝎 with row-normalized adjacency
Ã = D−1A (D is the degree matrix) for feature smoothing and weight
matrix W. Suppose ∃𝐾 > 0,∀𝑣 ∈ V, | |X𝑣 | |2 ≤ 𝐾 , then the dyadic
fairness follows:

Δ𝐷𝑃 = |𝐸 (𝑣,𝑢 )
𝑆𝑢=𝑆𝑣

[z𝑣 · z𝑢 ] − 𝐸 (𝑣,𝑢 )
𝑆𝑢≠𝑆𝑣

[z𝑣 · z𝑢 ] | ≤ |𝐾 · (2𝜌 − 1)W𝛿 |, (1)

where 𝛿 = 𝜇0 − 𝜇1, and 𝜌 denotes the homophily ratio defined as:

𝜌 = 𝐸𝑣∈V
|∑𝑢∈𝑁 (𝑣) 1{𝑆 (𝑣) = 𝑆 (𝑢)}|

|𝑁 (𝑣) | .

Theorem 3.1 shows that dyadic fairness is bounded by network

homophily 𝜌 . As 𝜌 increases, due to edge removal requests between

nodes with different sensitive attributes, Δ𝐷𝑃 may get enlarged.

Conversely, decreasing 𝜌 by adding edges between such nodes

enhances cross-group neighborhood connectivity. This smoothing

effect on node representations helps mitigate bias. The theoretical

findings motivate our algorithmic design presented in next section.

4 Problem Formulation

Given a graph G = (V, E,X) and a fully trained GNN 𝑔𝝎 , our

goal is to unlearn each edge 𝑒𝑢𝑣 ∈ E𝑓 from 𝑔𝝎 , where E𝑓 denotes

the edges to be removed, while mitigating the bias introduced

by this removal. Note that node removal can be interpreted as

removing all connected edges. The graph structure E and the GNN

𝑔𝝎 together determine the node embeddings Z, which in turn affect

both prediction accuracy and representation fairness. There is broad

evidence in literature that graph topology has fundamental effect

on the representation [20, 31]. Therefore, we aim to simultaneously

obtain an unlearned model 𝑔𝑢 and an optimal graph structure A∗
.

More formally, the task of fair graph unlearning can be cast as:

𝑔𝑢 ,A∗ = argmin

𝑔,Â
Lun (𝑔, Â,X) + 𝛼Lfair

(𝑔, Â,X)

subject to: | |A − A∗ | |0 ≤ 𝑁 .

(2)

The first component (Lun) is an unlearning loss designed to reduce

the memorization of forgetting edges E𝑓 , while preserving perfor-

mance on E𝑟 . Notably, our approach is built to integrate seamlessly

with any graph-based unlearning method, allowing any differen-

tiable unlearning loss Lun to be incorporated in a plug-and-play

manner. The second component (L
fair

) penalizes violations of rep-

resentation fairness. In addition, 𝛼 serves as a scaling factor to trade

off between Lun and L
fair

. The detailed form of these losses will

be introduced in the following section.

Besides, to avoid omitting much information from A, we dis-

courages A∗
to be too far away from A by limiting the number of

edges to be modified, i.e., to a maximum of 𝑁 edges. Here we adopt

𝐿0-norm to quantify the distance between A∗
and A.

5 FROG: Fair Removal on Graph

Directly solving Equation 2 is a non-trivial task, particularly when

Lun and L
fair

are in conflict with each other, leading to an imbal-

ance of both objectives. To address this, we formulate the process as

a Stackelberg game [30], or leader-follower game. First, the leader

performs fair edge augmentation to recover the fairness degrada-

tion caused by unlearning requests. Then, the follower performs

sparse structure unlearning to achieve the unlearning objective. By

alternatively optimizing these two objectives, we aim at finding a

balance between preservation of fairness and effective unlearning.

In addition to the GNN parameters, the underlying graph topology

is also being optimized, since graph topology has a fundamental

effect on graph fairness (see Section 3).

In the upper problem of fair edge augmentation taken by the

leader, an augmenter 𝑓 takes an input A and produces an aug-

mented graphAaug = 𝑓 (A). In the lower problem of sparse structure
unlearning taken by the follower, a pruner 𝑝 removes redundant

edges from Aaug
to get the optimal graph A∗ = 𝑝 (Aaug). As shown

in Figure 2, leveraging edge augmentation to explore fair structures,

subsequently refined through pruning to align with unlearning

objectives, increases the potential to escape sub-optimal solutions.

These iterative steps can be unified by formulating the problem as

the following bi-level optimization:

𝑔𝑢 , 𝑝 =argmin

𝑔,𝑝
Lun (𝑔, 𝑝 (Aaug ),X) + 𝛼L

fair
(𝑔, 𝑝 (Aaug ),X)

subject to: 𝑓 = argmin

𝑓
L
fair

(𝑔, 𝑓 (A),X) Aaug = 𝑓 (A)

| |A − A∗ | |0 ≤ 𝑁 .

(3)

5.1 Fair Edge Augmentation

As shown in Section 3, edge removal can increase the homophily

ratio, thereby affecting representation fairness among local neigh-

bors. To address this, 𝑓 targets on adding inter-group links within
local neighborhoods in G𝑓 to mitigate biases introduced by edge

removal. Specifically, We introduce a Boolean perturbation matrix

Maug ∈ {0, 1} to encode whether or not an edge in G is modified.

That is, the edge connecting nodes 𝑖 and 𝑗 is added, if and only if

Maug

𝑖 𝑗
= Maug

𝑗𝑖
= 1. Given the adjacency matrix A, this process can

be described as :

Aaug = A + (J − I − A) ◦Maug . (4)

Here J denotes an all-one matrix. We exclude all edges in E𝑓

from A and set the corresponding entries in Maug
to zero to pre-

vent reintroduction. Due to the discrete nature of M, we relax edge

weights from binary variables to continuous variables in the range

(0, 1) and adopt the reparameterization trick for gradient-based op-

timization. Specifically, we sampleMaug ∼ Bernoulli(M̃aug), where
M̃aug

represents the predicted probabilities of edge additions. For

each pair of nodes (𝑖, 𝑗), the embeddings 𝒛𝑖 and 𝒛 𝑗 of 𝑔𝝎 are used

to estimate the probability of the edge 𝑒𝑖 𝑗 . After theMaug
is sam-

pled, only the inter-group links are incorporated. To support the

end-to-end training, we leverage the Gumbel-Softmax trick[17] to

approximate the non-differentiable Bernoulli sampling:
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Unlearned
Edge

Homophily Ratio of     = 1

Homophily Ratio of     = 1

Original Graph

Homophily Ratio of     = 4/5

Homophily Ratio of     = 2/3

Unlearning
Request

Homophily
Degradation

Fair Edge Augmentation

Alternatively
Optimized

Homophily Ratio of     = 4/5

Homophily Ratio of     = 2/3

Sparse Structure Unlearning

Homophily Ratio of     = 2/3

Homophily Ratio of     = 1/2

Original edge

Pruned edge
Augmented edge

Figure 2: Schematics of FROG: (𝒊) Request for edges removal; (𝒊 𝒊) Adding edges to mitigate bias caused by edge removal; and

(𝒊 𝒊 𝒊) Removing redundant edges that obstruct the unlearning process.

M̃aug = 𝜎

(
𝑓
(
[𝒛𝑖 ; 𝒛 𝑗 ]

)
+ 𝑓

(
[𝒛 𝑗 ; 𝒛𝑖 ]

)
2

)
Maug =

1

1 + exp

(
−(log(M̃aug) + G)/𝜏

) (5)

where 𝑓 denotes a multi-layer perceptron(MLP), [; ] indicates con-
catenation and 𝜎 is the sigmoid function. We ensure thatM = M𝑇

in Equation 5 to maintain the symmetry of the perturbation ma-

trix. Given the predicted probabilities M̃aug
, the relaxed Bernoulli

sampling yields a continuous approximation, where 𝜏 is a temper-

ature hyperparameter and G ∼ Gumbel(0, 1) is sampled from the

standard Gumbel distribution.

As our objective is to generate fair augmentations by adding

edges, the ideal augmenter 𝑓 targets on finding the optimal structure

Aaug = 𝑓 (A) that achieves representation fairness. However, we

cannot achieve it via supervised training because there is no ground

truth indicating which edges lead to fair representation and should

be added. To address this issue, we propose to use a contrastive loss

to optimize the augmenter 𝑓 .

Inspired by [19, 35, 39], we propose a contrastive loss which ex-

plicitly penalizes Aaug
for increasing the edge probability between

nodes sharing the same sensitive feature. For clarity, we treat each

node 𝑖 as an anchor and define the following pairs based on its

relationship with other samples. Specifically:

• Intra positive pairs: refers to pairs of an anchor and its con-

nected nodes that share the same sensitive features.𝑉 +
𝑖𝑛𝑡𝑟𝑎

(𝑖) =
{ 𝑗 : Aaug [𝑖, 𝑗] = 1|𝑆 (𝑖) = 𝑆 ( 𝑗)}.

• Inter positive pairs: refers to pairs of anchors and their con-

nected nodes that share different sensitive features.𝑉 +
𝑖𝑛𝑡𝑒𝑟

(𝑖) =
{ 𝑗 : Aaug [𝑖, 𝑗] = 1|𝑆 (𝑖) ≠ 𝑆 ( 𝑗)}.

• Intra negative pairs: refers to pairs of an anchor and its

non-connected nodes that share different sensitive features.

𝑉 −
𝑖𝑛𝑡𝑟𝑎

(𝑖) = { 𝑗 : Aaug [𝑖, 𝑗] = 0|𝑆 (𝑖) = 𝑆 ( 𝑗)}.

For each anchor, our key idea is to ensure that positive and negative

samples share the same sensitive attributes as the anchor, rendering

sensitive features uninformative for link probability. We define the

𝑉 −
𝑖𝑛𝑡𝑟𝑎

(𝑖) as negative pairs, while treating𝑉 +
𝑖𝑛𝑡𝑟𝑎

(𝑖) and𝑉 +
𝑖𝑛𝑡𝑒𝑟

(𝑖) as
positive pairs. Based on this, we design L

fair
to enhance the link

probability between the anchor and nodes in positive pairs relative

to negative pairs. It is formulated as follows:

L
fair

=
∑︁
𝑣𝑖 ∈V

−1
|𝑉𝑃 (𝑖) |

∑︁
𝑗∈𝑉𝑃 (𝑖 )

log

exp(𝒛aug
𝑗

· 𝒛aug
𝑖

)∑
𝑘∈𝑉 −

𝑖𝑛𝑡𝑟𝑎
(𝑖 )

exp(𝒛aug
𝑖

· 𝒛aug
𝑘

)
(6)

Here𝑉𝑃 (𝑖) = 𝑉 +
𝑖𝑛𝑡𝑟𝑎

(𝑖)∪𝑉 +
𝑖𝑛𝑡𝑒𝑟

(𝑖) and 𝒛aug = 𝑔𝝎 (X,Aaug) where
𝒛aug represents the node embedding in Aaug

. The 𝑔𝝎 is fixed during

the optimization of L
fair

.

5.2 Sparse Structure Unlearning

To achieve fair unlearning, we consider finding an optimal struc-

ture by eliminating redundant edges from Aaug
, while keeping the

unbiased and informative ones. Following other approximate-based

unlearning methods, we also adopt a learnable mechanism to adjust

the original model for the target. Specifically, we learn a pruner

over Aaug
to achieve the fair unlearning target. We optimize for

the graph adjacency as follows:

𝑔𝑢 , 𝑝 = argmin

𝑔𝑢 ,𝑝
Lun (𝑝 (Aaug ),X) + 𝛼L

fair
(𝑝 (Aaug ),X) + 𝛽L

dist
.

(7)

Here, we set L
dist

= | |𝑝 (Aaug) − A| |1, where | | · | |1 is the 𝐿1-norm,

to constrain the number of edge modifications from the original

adjacency matrixA. Similar to 𝑓 , the pruner 𝑝 is an MLP to generate

the mask matrixM𝑝
according to Equation 5.

M𝑝 =
1

1 + exp(−(logM̃𝑝 + G)/𝜏)
, A∗ = Aaug ⊙ M𝑝 . (8)
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Note that M̃𝑝
is constructed using embeddings on Aaug

with 𝒛aug =

𝑔(X,Aaug). Building on this, our method could be seamlessly com-

bined with any graph unlearning loss function as Lun [9][21][36].

Here we adopt the Lun from GNNDelete [9], which formulates

the unlearning loss into two properties. For each deleted edges 𝑒𝑖 𝑗 :

• Deleted Edge Consistency, where deleted edges should have

a similar predicted probability to randomly sampled uncon-

nected edges.

LDEC = LMSE ({[𝒛
𝑝

𝑖
; 𝒛

𝑝

𝑗
] |𝑒𝑖 𝑗 ∈ E𝑓 }, {[𝒛

aug

𝑖
; 𝒛

aug

𝑗
] |𝑖, 𝑗 ∈ V}).

• Neighborhood Influence, where node embeddings post-un-

learning should be similar to prior-unlearning.

LNI =
∑ (

LMSE (𝒛
𝑝
𝑢 , 𝒛

aug

𝑢 ) |𝑢 ∈ S𝑖 𝑗
)
, where 𝑆𝑖 𝑗 is the local

enclosing subgraph of 𝑒𝑖 𝑗 and Z𝑝 = 𝑔𝑢 (X,A∗).
Finally, Lun = 𝜆LDEC + (1 − 𝜆)LNI; following GNNDelete, we set

the optimal 𝜆 = 0.5.

We present a theoretical observation demonstrating how the

sparsification operator can facilitate unlearning.

Theorem 5.1. (Bounding edge prediction of unlearned model𝑔𝑢 by
𝑔𝝎 ) Let 𝑒𝑖 𝑗 be an edge to be removed, and W be the last layer weight
matrix in 𝑔𝝎 . Then the norm difference between the dot product of
the node representations 𝒛𝑖 , 𝒛 𝑗 from 𝑔𝝎 and 𝒛′

𝑖
, 𝒛′

𝑗
from the unlearned

model 𝑔𝑢 is bounded by:〈
𝒛𝑖 , 𝒛 𝑗

〉
−

〈
𝒛′𝑖 , 𝒛

′
𝑗

〉
≤ ( 1

2

∥W𝐿
𝐷 ∥2 − 1)∥𝒛𝑖 − 𝒛 𝑗 ∥2 + ∥W𝐿

𝐷W∥2∥Δ∥2

(9)

where Δ =
∑
𝑘∈C𝑖 h

𝐿−1
𝑘

− ∑
𝑘∈C𝑗

h𝐿−1
𝑘

.

Here C𝑖 and C𝑗 represent the common neighbors with masked

edges connecting to nodes 𝑖 and 𝑗 , respectively. In GNNDelete,W𝐿
𝐷

denotes the deletion matrix at layer 𝐿, and h𝐿−1
𝑘

represents the

embedding of node 𝑘 from the previous layer. Detailed derivations

are shown in the Appendix. The first term in the bound ensures the

stability of the deletion operator, while the second term suggests

that masking edges from common neighbors can enlarge the gap be-

tween 𝑔𝝎 and 𝑔𝑢 in predicted probability of 𝑒𝑖 𝑗 , thereby enhancing

the unlearning capability.

To sum up, the training process can be described as a Bi-level

optimization(Equation 3), where 𝛼, 𝛽 are hyperparameters. In each

iteration, we first update 𝑓 to minimize L
fair

while keeping 𝑝 and

𝑔 fixed, then update both 𝑔 and 𝑝 . The training continues until

convergence. An overview of FROG is illustrated in Figure 2.

5.3 FROG-Joint: Baseline

Instead of the Bi-Level optimization, we also introduce a Joint opti-

mization algorithm to solve Equation 2 as a baseline. Following [18],

we directly model the A∗
as a function of the embeddings as Equa-

tion 5. In this way, the number of parameters for modeling graph

structure no longer depends on the number of nodes, hence avoid

learning 𝑂 ( |V|2) parameters and renders the algorithm applicable

to large-scale graphs.

6 Worst-Case Evaluation

Inspired by [12], we evaluate unlearningmethods with two different

challenging settings: (𝑖) worst-case unlearning, where G𝑓 consists

of edges that are hardest to forget, and (𝑖𝑖) worst-case fairness,

where G𝑓 consists of edges that negatively impacts fairness on G𝑟

post-unlearning. Let 𝑤 ∈ {0, 1} | E |
denote a binary mask over all

edges, where 𝑤𝑖, 𝑗 = 1 indicates that the edge 𝑒𝑖 𝑗 belongs to the

forget set. Our objective is to optimize𝑤 such that G𝑓 contains all

hard-to-forget edges or those critical for fairness.

Worst-case unlearning.We select the forget set G𝑓 to maximize

the difficulty of effective unlearning. In other words, after unlearn-

ing G𝑓 , the unlearned model will exhibit a low loss on G𝑓 , indicat-

ing a failure to fully eliminate the influence of G𝑓 from the model.

Specifically, we solve:

min

𝑤∈𝑆

∑︁
𝑒𝑖 𝑗 ∈G

[𝑤𝑖 𝑗LLP (𝑔𝑢 ; 𝒛𝑖 , 𝒛 𝑗 )] + 𝛾 ∥𝑤 ∥2
2

(10)

subject to: 𝑔𝑢 = argmin

𝑔
Lun (𝑔;𝑤), (11)

where LLP is the link prediction loss.

In the upper-level optimization, we search for the edges de-

fined by the binary edge mask𝑤 that yield the worst unlearning

performance. In other words, the loss on the forget set

∑
𝑒𝑖 𝑗 G ∈

[𝑤𝑖 𝑗LLP (𝑔𝑢 ; 𝒛𝑖 , 𝒛 𝑗 )] is minimized (unsuccessful unlearning). We

additionally regularize the size of 𝑤 with the 𝐿2 norm, since un-

learning requests are much sparser than the original dataset. In the
lower-level optimization, the unlearned model 𝑔𝑢 is obtained based

on the forget set selected by𝑤 .

Worst-case fairness. We choose the forget set G𝑓 to maximize

fairness degradation. That is, after unlearning G𝑓 , the Lfair
on the

retained set G𝑟 is maximized, indicating a failure to preserve the

fairness. We solve:

max

𝑤∈𝑆

∑︁
𝑒𝑖 𝑗 ∈G

[(1 −𝑤𝑖 𝑗 )Lfair
(𝑔𝑢 ; 𝒛𝑖 , 𝒛 𝑗 )] + 𝛾 ∥𝑤 ∥2

2
(12)

subject to 𝑔𝑢 = argmin

𝑔
Lun (𝑔;𝑤) . (13)

7 Experiments

To evaluate the effectiveness of our proposed model, we examine

the following questions:

• RQ1: How is the unlearning efficacy of FROG and its impact

on graph fairness under uniform cases?

• RQ2: How is the unlearning efficacy of FROG and its impact

on graph fairness under worst-case scenarios?

Datasets.We perform experiments over the following real-world

datasets: CiteSeer [1], Cora [1], OGB-Collab [9], Facebook#1684. [20]

and Pubmed [9]. Facebook#1684 is a social ego network from the

Facebook app, and we select gender as the sensitive feature. The rest

citation networks, each vertex represents an article with descrip-

tions as features. A link stands for a citation. We set the category of

an article as the sensitive attribute. These datasets usually serve as

a commonly used benchmark datasets for GNN performance over

link prediction and node classification tasks.

Baselines. We compare FROG to the following baselines: (𝑖) Re-
train, which refers to training from scratch; (𝑖𝑖) GA [15], which

performs gradient ascent on G𝑓 ; (𝑖𝑖𝑖) GER [4], a re-training-based

machine unlearning method for graphs; (𝑖𝑣) GNNDelete [9], an
approximate graph unlearning method that treats deleted edges as

unconnected node pairs; (𝑣) GNNCON [36] a contrastive learning
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Figure 3: Effectiveness and fairness performance of edge unlearning on Cora, CiteSeer, OGB-Collab, Facebook, and Pubmed.

based method. Finally, (𝑣𝑖) MEGU [21], (𝑣𝑖𝑖) GIF [33], and (𝑣𝑖𝑖𝑖)
IDEA [11], which represent advanced graph unlearning methods.

Unlearning Task. We evaluate FROG under two unlearning tasks:

(𝑖) node unlearning, where a subset of nodes N𝑓 ∈ N and all their

associated edges are unlearned from 𝑔𝑤 ; and (𝑖𝑖) edge unlearning,
where a subset of edges E𝑓 ∈ E are unlearned from 𝑔𝑤 . In line

with prior works, the forget set comprises 5% of the entire dataset.

Sampling of Forget Set. For worst-case unlearning, the forget set

G𝑓 is chosen through optimization according to 10 and 12. For

uniform cases, the forget set G𝑓 is randomly selected within 3-hops

of G𝑡 . Due to the limited space, we only conduct edge unlearning

in the worst-case evaluation.

Evaluation Metrics. We evaluate the unlearned model’s perfor-

mance from the following two perspectives:

• Effectiveness-oriented, which probes if G𝑓 is unlearned from

G𝑤 while preserving model utility. Specifically, we compute

(𝑖) the test set AUROC G𝑡 (↑), (𝑖𝑖) the forget-retain knowl-

edge gap G𝑓 |𝑟 (↑) [6, 9] which quantifies how well a model

distinguishes unlearned and retained data. Specifically, the

knowledge gap is computed as the AUROC score with the

prediction logits of G𝑟 and G𝑓 , and their labels as 1 and 0,

respectively. We also demonstrate the success rate of mem-

bership inference attack (MIA) by MI(↑).
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Figure 4: Effectiveness and fairness performance of node

unlearning.

• Fairness-oriented, which evaluates the fairness of the un-

learned model. In node classification, we focus on Equalized

Odds (EO) Δ𝐸𝑂 = |𝑝 (𝑦 = 1|𝑦 = 1, 𝑠 = 1) − 𝑝 (𝑦 = 1|𝑦 = 1, 𝑠 =

0) | and Statistical Parity (SP) Δ𝑆𝑃 = |𝑝 (𝑦 = 1|𝑠 = 1) − 𝑝 (𝑦 =

1|𝑠 = 0) | [27] to evaluate the group disparity. In the link pre-

diction scenario, we directly use Demographic Parity Δ𝐷𝑃

to measure the dyadic fairness.
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Figure 5:Worst-case unlearning (left) and worst-case fairness

(right) performance on CiteSeer and Cora.

8 Results

8.1 RQ1: FROG Performance Under Uniform

Removal

Existing graph unlearning methods hurt fairness. Existing

graph unlearning methods, though effective, detrimentally impact

graph fairness post-unlearning. Results in Figure 3 show that GA,

GNND, GNNCON have DP degradation of −0.089, −0.16, −0.21,
−0.20, respectively. Notably, even Retrain compromises fairness by

−0.064. GNND and GNNCON, though effective in unlearning with

competitive scores on G𝑡 and G𝑓 |𝑟 , suffer from the most significant

degradation of fairness. This highlights that existing state-of-the-

art graph unlearning models have overlooked graph fairness as an

important factor to consider, which may hinder their application

in fairness-concerned scenarios.

FROG is effective in unlearning. In edge unlearning, FROG suc-

cessfully distinguishes unlearned edges from retained edges mea-

sured by G𝑓 |𝑟 . As shown in Figure 3, when randomly removing 5%

edges, FROG outperforms Retrain, GA, GER, GNND, and GNNCON

by 10.0, 17.2, 19.7, 8.6, 5.9 absolute points, respectively. Under the

node unlearning setting, as shown in Figure 4, FROG outperforms

Retrain, GA, GER, GNND, and GNNCON by 5.7, 9.7, 13.0, 5.8, 3.9 ab-

solute points, respectively, when deleting 5% of nodes. These results

indicate that FROG exhibits more successful targeted knowledge

removal of G𝑓 than baselines. Meanwhile, FROG preserves model

utility on downstream prediction tasks measured by G𝑡 , outper-

forming GA, GER, GNND, IDEA, MEGU by 32.2, 31.0, 6.0, 4.8,4.2,4.9

absolute points respectively, when deleting 5% of edges (Figure 3).

FROG is even comparable to Retrain with a trivial gap of 2.2.

FROG preserves fairness during unlearning. FROG consistently

achieves the best fairness performance in terms of Δ𝐸𝑂 , Δ𝑆𝑃 , and
Δ𝐷𝑃 on both edge and node unlearning tasks. For instance, in the

edge unlearning task on the Cora dataset, FROG reduces Δ𝐷𝑃 by

21.6%, 39.5%, 35.4%, and 36.9% compared to GA, GNND, MEDU, and
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Figure 6: Reported is the MI attack ratio. The left and right

columns use GCN and GAT as backbones, respectively.

IDEA, respectively (Figure 3). In the node unlearning task, compared

with IDEA, FROG reduces Δ𝐸𝑂 by 23.9% on Cora and 46.3% on

CiteSeer, with comparable effectiveness (Figure 4). We attribute this

superior performance over baselines to the fairness-aware design

of the proposed method. Specifically, the optimization-based graph

structure modification aims to find the optimal topology that results

in both successful unlearning and minimum damage to fairness.

FROG effectively hides deleted information. Following [9], we

delete 100 nodes and their associated edges from the training data

and adopt Membership Inference attacks [23] on two datasets. Re-

ported is the MI attack ratio. As shown in Figure 6, FROG out-

performs other baseline methods, highlighting its effectiveness

in hiding deleted information. Across two GNN architectures, we

find that FROG achieves the highest MI ratio score of all baselines.

Specifically, it outperforms GA, GER, GNNDelete, GIE, and IDEA

by 0.089, 0.162, 0.035, 0.134, 0.086.

Time Efficiency. We demonstrate that FROG is time-efficient com-

pared to most unlearning baselines, as shown in Table 1. Specifically,

FROG is 11.5× faster than Retrain on CiteSeer and 1.25× faster than

IDEA and GNNCON. Although slightly slower than GNNDelete due

to its structure learning component, FROG achieves significantly

better predictive performance and fairness.

Ablation Study.We examine the effect of the hyperparameter 𝛼 ,

which balances the unlearning and fairness objectives, as shown in

Table 2. The results highlight the necessity of both Lun and L
fair

for achieving a favorable AUROC–Δ𝐷𝑃 trade-off. As 𝛼 increases,

FROG places greater emphasis on reducing Δ𝐷𝑃 . When 𝛼 ≤ 0.2,

edge unlearning performance remains stable; however, for 𝛼 > 0.4,

AUROC drops sharply. To balance the trade-off, we set 𝛼 = 0.2 in

our experiments.
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Table 1: Time spent when unlearning 100 edges on CiteSeer.

Method Retrain GA GER GNNDelete GNNCON

Time (hr) 0.63 0.31 0.26 0.025 0.05

Method MEGU GIF IDEA FROG FROG-Joint

Time (hr) 0.04 0.10 0.06 0.04 0.03

Table 2: Ablation study of effect on 𝛼 on CiteSeer. Best per-

formance is bold and second best is underlined.

𝛼
| G𝑓 | = 2.5% | G𝑓 | = 5%

G𝑡 (↑) G𝑓 |𝑟 (↑) Δ𝐷𝑃 (↓) G𝑡 (↑) G𝑓 |𝑟 (↑) Δ𝐷𝑃 (↓)

0.0 90.7 79.0 32.9 90.1 71.3 37.5

0.1 90.7 79.1 29.5 89.9 70.8 29.2

0.2 90.6 79.6 25.8 90.1 71.0 25.5

0.4 89.1 76.2 23.7 89.9 70.4 25.5

0.6 87.2 75.7 23.5 89.2 70.1 25.7

0.8 90.3 72.1 26.7 88.9 69.5 24.9

Figure 7: Illustration of our method under worst-case evalua-

tion. Pink dashed edges: edges to be removed. Green dashed

edges: edges masked by FROG. Orange solid edges: edges to

be added by FROG.

8.2 RQ2: FROG Performance Under Worst-Case

Scenarios

Unlearning Performance.When G𝑓 involves the set of edges that

are the hardest to unlearn, we find that FROG is more effective to

differentiate between G𝑓 and G𝑟 than baselines. This shows that

in worst case, FROG still demonstrates more successful knowledge

removal than existing graph unlearning methods, see Figure 5. We

attribute this to the graph sparsification process, which simplifies

hard-to-forget graph parts [24, 28, 29].

Fairness Performance. Similarly whenG𝑓 involves the set of edges

that are introduces the largest fairness degradation post-unlearning,

FROG provides fairer representations than baselines, see Figure 5.

The advantage on fairness inherits from the edge addition process,

which injects new heterogeneous edges and dramatically mitigates

network segregation. These results highlights the robustness of

FROG to adversarial unlearning sets under extreme cases, making

users more confident to apply FROG in real-world applications.

Case Study. We present a case study in Figure 7. As a practical

example for edge unlearning, we evaluate the performance of our

algorithm in worst-case scenarios, as shown in Figure 7. In the

left panel, the dashed pink edges represent hard-to-forget edges,

identified using Equation 10. We observed that the two forgotten

edges belong to loops (highlighted by bold edges) that continue

facilitating message passing through their common neighbors even

after removal. Consequently, these loops impede the unlearning

of the target edges. To address this, our method proposes masking

the dashed green edge, effectively breaking both loops simultane-

ously. In the right panel, the two worst-fairness edges obstruct

message passing between different sensitive groups—one cluster

dominated by green nodes and the other predominantly by blue

and red nodes. To address this, the algorithm suggests adding two

edges that connect the clusters without creating new loops.

9 Related Work

Graph Unlearning. Machine unlearning on graphs [4] focuses on

removing data influence from models. GraphEraser [4] approaches

graph unlearning by dividing graphs into multiple shards and re-

train a separate GNN model on each shard. However, this can be

inefficient on large graphs and dramatically hurt link prediction

performances. UtU formulates graph unlearning as removing re-

dundant edges [29]. [7] develop a method to unlearn associations

from multimodal graph-text data. CEU uses influence function for

GNNs to achieve certified edge unlearning [16, 34]. However, how

graph unlearning impacts the representation fairness of the retain

graph remains unexplored.

Graph Fairness. Numerous studies have explored fairness issues

in graph learning. Fairwalk [26] introduced a random walk-based

graph embedding method that adjusts transition probabilities based

on nodes’ sensitive attributes. Then in [22], they propose to use

adversarial training on node embeddings to minimize the disparate

parity. Then in [20], the focus shifted to dyadic fairness in link

prediction, emphasizing that predictive relationships between in-

stances should remain independent of sensitive attributes. Other

works include fair collaborative filtering [37] in bipartite graphs

and item recommendation tasks [3]. Only a few works examine the

interplay of unlearning and fairness or bias at the same time [5, 6].

Adversarial Unlearning. Several works try to stress-test unlearn-

ing methods under adversarial settings. On the method side, [13]

investigates how adversarial training can help forget protected user

attributes, such as demographic information. MUter [25] analyzes

unlearning on adversarially trained models. On the evaluation side,

[14] argues that unlearning should remove the generalization ca-

pability in addition to the data samples themselves. [12] studies

adversarial unlearned data and proposes an approach to find chal-

lenging forget samples through bi-level optimization. [8] extends

existing membership inference attacks to diverse data samples,

even samples not in the training set, to check if a model has truly

forgotten some knowledge. [5] uses counterfactual explanations to

debias the machine unlearning algorithm in the classification task.

10 Conclusion

We presented FROG as the first graph unlearning method that

not only effectively removes graph elements but also preserves

the fairness of the retained graph. We formulated this problem as
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a bi-level optimization task that jointly optimizes the unlearned

model and the underlying graph topology. Experiments on four

datasets demonstrated that FROG can successfully unlearn informa-

tion while preserving fairness. Furthermore, adversarial evaluations

under challenging scenarios showed that FROG outperforms exist-

ing methods, achieving robust performance.
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A Appendix

A.1 Proofs

Proof of Theorem 3.1: For any pair of nodes coming from two

different sensitive groups 𝑣𝑖 ∈ 𝑆0, 𝑣 𝑗 ∈ 𝑆1, we have:

𝑧𝑖 − 𝑧 𝑗 = W

(
1

𝑑𝑖 + 1

∑︁
𝑣𝑝 ∈N𝑖∪𝑣𝑖

𝑋𝑝 − 1

𝑑 𝑗 + 1

∑︁
𝑣𝑞 ∈N𝑗∪𝑣𝑗

𝑋𝑞

)
. (14)

Based on the definition of 𝜌 , among |N𝑖 ∪ 𝑣𝑖 | = 𝑑𝑖 + 1 neighboring

nodes of 𝑣𝑖 , 𝜌 (𝑑𝑖 + 1) of them come from the same sensitive feature

distribution as 𝑣𝑖 while (1 − 𝜌) (𝑑𝑖 + 1) of them come from the

opposite feature distribution as 𝑣 𝑗 , then we have:

1

𝑑𝑖 + 1

∑︁
𝑣𝑝 ∈N𝑖∪𝑣𝑖

𝑋𝑝 ∼ N(𝜌𝜇0 + (1 − 𝜌)𝜇1, 1

𝑑𝑖 + 1

(𝜌Σ0 + (1 − 𝜌)Σ1));

1

𝑑 𝑗 + 1

∑︁
𝑣𝑞 ∈N𝑗∪𝑣𝑗

𝑋𝑞 ∼ N(𝜌𝜇1 + (1 − 𝜌)𝜇0, 1

𝑑 𝑗 + 1

(𝜌Σ1 + (1 − 𝜌)Σ0)) .

(15)

Consider 𝒛𝑖−𝒛 𝑗 follows a normal distribution, i.e., 𝒛𝑖−𝒛 𝑗 ∼ N(𝜇, Σ),
where 𝜇 = (2𝜌 − 1)W(𝜇0 − 𝜇1) = (2𝜌 − 1)W𝛿 . Let us denote

𝐸𝑖∈𝑆0 [𝑧𝑖 ] = 𝑝 and 𝐸 𝑗∈𝑆1 [𝑧 𝑗 ] = 𝑞. Thus:
Δ𝐷𝑃 = |𝐸 (𝑖, 𝑗 )

𝑆𝑖=𝑆 𝑗

[𝒛 𝑗 · 𝒛𝑖 ] − 𝐸 (𝑖, 𝑗 )
𝑆𝑖≠𝑆 𝑗

[𝒛𝑖 · 𝒛 𝑗 ] |

= |𝑝𝑇𝑞 −
( |𝑆0 |2
|𝑆0 |2 + |𝑆1 |2

𝑝𝑇 𝑝 + |𝑆1 |2
|𝑆0 |2 + |𝑆1 |2

)
𝑞𝑇𝑞 |

≤ 𝐸 | |𝑞 − 𝑝 | |2
( |𝑆0 |2
|𝑆0 |2 + |𝑆1 |2

𝑝 + |𝑆1 |2
|𝑆0 |2 + |𝑆1 |2

𝑞

)
.

(16)

Since 𝐸 |𝑝 − 𝑞 | = ¤(2𝜌 − 1)W𝛿 , therefore it holds the following:

Δ𝐷𝑃 ≤ |𝐾 · (2𝜌 − 1)W𝛿 |.
Proof of Theorem 5.1:We first consider the case without struc-

tural modifications. In GNNDelete,W𝐿
𝐷
denotes the deletion matrix

at layer 𝐿, and h𝐿−1
𝑗

represents the embedding of node 𝑗 from the

previous layer. Following [9], We have 𝒛𝑖 = 𝜎
( ∑

𝑗∈𝑖∪N𝑖
Wh𝐿−1

𝑗

)
,

After normalization, we have:〈
𝒛𝑖 , 𝒛 𝑗

〉
−

〈
𝒛′𝑖 , 𝒛

′
𝑗

〉
=

1

2

∥𝒛′𝑖 − 𝒛′𝑗 ∥
2 − 1

2

∥𝒛𝑖 − 𝒛 𝑗 ∥2 . (17)

Considering the deletion matrix and 17, we have:

∥𝒛′𝑖 − 𝒛′𝑗 ∥ = ∥𝜎 (W𝐿
𝐷𝒛𝑖 ) − 𝜎 (W

𝐿
𝐷𝒛 𝑗 )∥ (18)

Lipschitz 𝜎
≤ ∥W𝐿

𝐷𝒛𝑖 −W𝐿
𝐷𝒛 𝑗 ∥ (19)

Cauchy-Schwartz

≤ ∥W𝐿
𝐷 ∥∥𝒛𝑖 − 𝒛 𝑗 ∥ (20)

and applying that to Equation 17:〈
𝒛𝑖 , 𝒛 𝑗

〉
−

〈
𝒛′𝑖 , 𝒛

′
𝑗

〉
≤ 1

2

(∥W𝐿
𝐷 ∥2 − 1)∥𝒛𝑖 − 𝒛 𝑗 ∥2 . (21)

Now we consider the structural modification. To forget edge

(𝑖, 𝑗), let C be their common neighbors. C𝑖 ∈ C and C𝑗 ∈ C are

nodes with masked links to 𝑖 and 𝑗 , and C𝑖∩𝑗 = C𝑖 ∩ C𝑗 . We can

rewrite 𝑧𝑖 as:

𝒛𝑖 = W
( ∑︁
𝑢∈C𝑖

h𝐿−1𝑢 +
∑︁
𝑣∈C𝑗

h𝐿−1𝑣 +
∑︁

𝑘∈C𝑖 ⋂ 𝑗

h𝐿−1
𝑘

+𝑂𝑖

)
,

𝒛 𝑗 = W
( ∑︁
𝑢∈C𝑖

h𝐿−1𝑢 +
∑︁
𝑣∈C𝑗

h𝐿−1𝑗 +
∑︁

𝑘∈C𝑖 ⋂ 𝑗

h𝐿−1
𝑘

+𝑂 𝑗

)
,

Here,𝑂𝑖 denotes the sum of representations of nodes that are neigh-

bors of 𝑖 but not linked to 𝑗 . After masking the redundant edges,

we have:

𝒛′𝑖 = 𝜎
(
W𝐷W(

∑︁
𝑣∈C𝑗

h𝐿−1𝑗 +𝑂𝑖 )
)
, 𝒛′𝑗 = 𝜎

(
W𝐷W(

∑︁
𝑢∈C𝑖

h𝐿−1𝑢 +𝑂 𝑗 )
)

∥𝒛′𝑖 − 𝒛′𝑗 ∥ = ∥𝜎
(
W𝐷W(

∑︁
𝑣∈C𝑗

h𝐿−1𝑗 +𝑂𝑖 )
)
− 𝜎

(
W𝐷W(

∑︁
𝑢∈C𝑖

h𝐿−1𝑢 +𝑂 𝑗 )
)
∥

(22)

≤ ∥𝜎
(
W𝐿

𝐷W(𝑂𝑖 −𝑂 𝑗 +
∑︁
𝑣∈C𝑗

h𝐿−1𝑣 −
∑︁
𝑢∈C𝑖

h𝐿−1𝑢 )
)
∥

(23)

= ∥𝜎
(
W𝐿

𝐷 (𝑧𝑖 − 𝑧 𝑗 ) +W𝐿
𝐷W(

∑︁
𝑣∈C𝑗

h𝐿−1𝑣 −
∑︁
𝑢∈C𝑖

h𝐿−1𝑢 )
)
∥

(24)

Lipschitz 𝜎
≤ ∥W𝐷 ∥∥𝑧𝑖 − 𝑧 𝑗 ∥ + ∥W∗∥∥Δ∥, (25)

where Δ =
∑

𝑣∈C𝑗
h𝐿−1𝑣 − ∑

𝑢∈C𝑖 h
𝐿−1
𝑢 . We also assume that 𝜎 is a

subadditive function, such as ReLU.

Combined with Equation 21, we could get the following:〈
𝒛𝑖 , 𝒛 𝑗

〉
−

〈
𝒛′𝑖 , 𝒛

′
𝑗

〉
≤

(
1

2

∥W𝐿
𝐷 ∥2 − 1

)
∥𝒛𝑖 − 𝒛 𝑗 ∥2 + ∥W𝐿

𝐷W∥2∥Δ∥2 .
(26)
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